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Abstract
We model the universe as a 3-brane embedded in five dimensional spacetime with N = 2
supersymmetry. The presence of the scalar fields of the universal hypermultiplet in the bulk
results in a positive pressure effectively reducing the value of the cosmological constant and
thereby providing a possible answer as to why the measured value of the cosmological constant
is many orders of magnitude smaller than predicted from the vacuum energy. The solution allows
for any number of parallel branes to exist and relates their cosmological constants (as well as
matter densities and radiation pressures) to the value of the dilaton in the extra dimension.
The results we find can be thought of as first order approximations, satisfying supersymmetry
breaking and the Bogomol’nyi-Prasad-Sommerfield (BPS) conditions in the bulk only.
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I Introduction
The 1998 discovery that the universe’s expansion is accelerating [1, 2] took the scientific community
by storm. The term ‘dark energy’ was coined to account for the source of the mysterious negative
pressure causing the acceleration. From the point of view of the Einstein gravitational field equa-
tions, this energy is modeled by the presence of a positive cosmological constant Λ. Although many
different models explaining the origin of this dark energy exist, it is somewhat accepted today that
the main contributor is almost certainly the energy of the vacuum as calculated from the standard
model (see, for example, [3] and references within). There is a problem with this, however, as the
vacuum’s contribution seems to be many orders of magnitude larger than is actually observed, at
least at the present epoch. The most recent estimates (e.g. [4]) put the difference to about 120
orders of magnitude; a catastrophic discrepancy that cannot simply be approximated away! Many
solutions, as well as partial solutions, to this problem have been proposed. Of particular interest
to us are models that embed our universe in a higher dimensional space, usually as a ‘string-
theoretic’ 3-brane. Such models of ‘brane cosmology’ exist in abundance and range over various
categories from non-supersymmetric solutions, to solutions that explain the acceleration with zero
cosmological constant, and many others (see, for example, [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]).
In this paper we consider five dimensional N = 2 supergravity with the scalar fields of the
universal hypermultiplet (UH). Our universe is modeled as a 3-brane satisfying the conditions of
homogeneous and isotropic expansion, i.e. the standard Robertson-Walker metric construction.
The current work generalizes a static 3-brane solution that was found in [16] to one with time
dependence. We assume the simple form of constant matter density and radiation pressure in the
universe, as well as a possible cosmological constant in the bulk. As such our model does not chart
the entire history of the universe, but rather just an effective snapshot of a specific epoch. We find
that a generalization of our result to one with multiple brane solutions (parallel universes) is quite
straightforward and is in fact almost demanded by the equations. The observed numerical values
of the cosmological constant, matter and radiation pressure densities are tied in to the values
of the UH fields in the bulk and as such change from brane to brane. Our universe’s observed
values are the way they are by virtue of our presence in this particular brane rather than another.
Furthermore, we find that the values of these constants are controlled by a free parameter B that
is not determined by the model. But a lower bound may simply be placed on it by requiring that
the fields vanish at bulk infinity. The entire result can be thought of as a first order approximation
2
in the following sense: The brane’s matter and radiation contents are not included in the theory’s
action and as such do not couple to the gravitini; so the supersymmetry variation equations are
valid only in the bulk. This opens up a variety of questions and directions of possible future
research, as will be subsequently discussed.
The paper is organized as follows: In section (II) we review the five dimensional supergravity
theory formulated in the language of split complex numbers. In section (III) we introduce our
metric ansatz and calculate the components of the Einstein field equations. It is shown that two
possible solutions exist. Only one is discussed in this paper, the other is deferred to future work.
The UH fields are found in section (IV). Finally, the modified Friedmann equations are derived and
the full solution is summarized in section (V).
II Five dimensional N = 2 supergravity
The dimensional reduction of D = 11 supergravity theory (see [17] for a review) over a rigid
Calabi-Yau 3-fold (constant Ka¨hler and complex structure moduli) yields an ungauged N = 2
supersymmetric gravity theory in D = 5 with a matter sector comprised of four scalar fields and
their superpartners; collectively known as the universal hypermultiplet. These are: the dilaton σ
(volume modulus of the Calabi-Yau space), the universal axion ϕ, the pseudo-scalar axion χ and
its complex conjugate χ¯ [18, 19]. In [16], it was argued that another way to represent the theory is
by employing split-complex numbers, as opposed to the more traditional complex representation.
To do so, the axions are defined as follows
χ = χ1 + jχ2
χ¯ = χ1 − jχ2, (1)
where (χ1, χ2) are real functions and the ‘imaginary’ number j is defined by j
2 = +1 but is not
equal to ±1. In this representation, the bosonic action of the theory is:
S5 =
∫
5
[
R ⋆ 1− 1
2
dσ ∧ ⋆dσ − eσdχ ∧ ⋆dχ¯− 1
2
e2σ
(
dϕ+
j
2
f
)
∧ ⋆
(
dϕ− j
2
f¯
)]
, (2)
where ⋆ is the D = 5 Hodge duality operator and we have defined
f = (χdχ¯− χ¯dχ)
f¯ = −f, (3)
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for brevity1. The variation of the action yields the following field equations for σ, (χ, χ¯) and ϕ
respectively
(∆σ) ⋆ 1− eσdχ ∧ ⋆dχ¯− e2σ
(
dϕ+
j
2
f
)
∧ ⋆
(
dϕ− j
2
f¯
)
= 0 (4)
d†
[
eσdχ+ je2σχ
(
dϕ+
j
2
f
)]
= 0 (5)
d†
[
eσdχ¯− je2σχ¯
(
dϕ− j
2
f¯
)]
= 0 (6)
d†
[
e2σ
(
dϕ+
j
2
f
)]
= 0, (7)
where d† is the adjoint exterior derivative and ∆ is the Laplace-De Rahm operator. The full action
is invariant under the following set of supersymmetry (SUSY) transformations of the gravitini ψ
and hyperini ξ fermionic fields respectively (M = 0, · · · , 4):
δǫψ
1 = Dǫ1 +
j
4
eσ
(
dϕ+
j
2
f
)
ǫ1 − j
4
e
σ
2 dχǫ2 (8)
δǫψ
2 = Dǫ2 − j
4
eσ
(
dϕ− j
2
f¯
)
ǫ2 +
j
4
e
σ
2 dχ¯ǫ1 (9)
δǫξ1 =
1
2
[
(∂Mσ)− jeσ
(
∂Mϕ+
j
2
fM
)]
ΓMǫ1 + j
e
σ
2√
2
(∂Mχ) Γ
M ǫ2 (10)
δǫξ2 =
1
2
[
(∂Mσ) + je
σ
(
∂Mϕ− j
2
f¯M
)]
ΓMǫ2 − j e
σ
2√
2
(∂M χ¯) Γ
M ǫ1, (11)
where
D = d+
1
4
ωMˆNˆΓ
MˆNˆ
, (12)
is the usual covariant derivative, the Γ’s are the D = 5 Dirac matrices, (ǫ1, ǫ2) are the N = 2 SUSY
spinors, ω is the spin connection and the hatted indices are frame indices in a flat tangent space.
III Spacetime background
From the point of view of D = 5 SUGRA, our universe may be modeled by a 3-brane in a five
dimensional bulk. This implies the embedding of the Robertson-Walker metric in five dimensional
space as follows
ds25 = e
2Cσ(y)
[
−dt2 + a2 (t)
(
dr2
1− kr2 + r
2dΩ22
)]
+ e2Bσ(y)b2 (t) dy2 (13)
1It is noted that the action in this form suffers from the presence of high energy ghost-like terms. However, as we
will see, these are exactly canceled in our solution and as such have no physical effect on our conclusions.
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where dΩ22 = dθ
2 + sin2 θdφ2 is the line element of the unit sphere S2, the quantities C and B
are constants to be determined, a (t) is the usual scale factor and b (t) is a bulk scale factor. The
solution we seek should have a (t) ∼ eHt, where the positive constant H is the current value of
the Hubble parameter, to account for the accelerating phase of the universe. Also, since current
data [20] seems to imply that on a large scale our universe is essentially flat, we will then take the
‘curvature’ factor k to be zero.
The matter content of this five dimensional space is comprised of the UH fields in the bulk,
represented by the following stress tensor (µ, ν = t, r, θ, φ):
T bulkµν =
1
4
gµν (∂yσ) (∂
yσ) +
1
2
gµνe
σ (∂yχ) (∂
yχ¯) +
1
4
gµνe
2σ
(
∂yϕ+
j
2
fy
)(
∂yϕ− j
2
f¯ y
)
T bulkyy =
1
4
gyy (∂yσ) (∂
yσ)− 1
2
(∂yσ) (∂yσ) +
1
2
eσgyy (∂yχ) (∂
yχ¯)− eσ (∂yχ) (∂yχ¯)
+
1
4
e2σgyy
(
∂yϕ+
j
2
fy
)(
∂yϕ− j
2
f¯ y
)
− 1
2
e2σ
(
∂yϕ+
j
2
fy
)(
∂yϕ− j
2
f¯y
)
, (14)
in addition to the usual perfect fluid stress tensor on the brane:
T3braneµν = ρUµUν + P (gµν + UµUν) , (15)
where ρ is the average mass density of matter in the 3-brane, P is the thermal radiation pressure
(both assumed constant in this paper), and U is the four-velocity of timelike observers in the usual
manner. It is unclear in the literature how an action can be constructed that will give (15)2, it
follows that it is also unclear how to couple the parameters ρ and P to the gravitini. This will
result, as we will see, into approximate SUSY variation equations and BPS conditions.
The independent components of the left hand side of Einstein’s equation, including a brane
cosmological constant Λ, as well as a possible bulk cosmological constant Λ˜, are then:
Gtt + Λgtt = 3
[(
a˙
a
)2
+
(
a˙
a
)(
b˙
b
)]
− 3C
b2
e2(C−B)σF (σ)− Λe2Cσ
Grr + Λgrr = −
(
2a¨a+ a˙2
)− a
b
(
b¨a+ 2a˙b˙
)
+ 3C
(a
b
)2
e2(C−B)σF (σ) + Λa2e2Cσ
Gyy + Λ˜gyy = 6C
2σ′2 − 3e2(B−C)σ
(
b
a
)2 (
a¨a+ a˙2
)
+ Λ˜b2e2Bσ
Gyt = 3Cσ
′
(
b˙
b
)
where F (σ) = σ′′ + (2C −B)σ′2, (16)
where a prime is a derivative with respect to y and a dot is a derivative with respect to time.
2See [21] and references within for various attempts to do so
5
Generally speaking, if one requires the brane to satisfy the Bogomol’nyi-Prasad-Sommerfield
condition, breaking half of the supersymmetries of the theory, then one must also necessarily require
the vanishing of the variation of gravitini and hyperini backgrounds, i.e. δψ = 0 and δξ = 0. The
spin connections are:
ωtˆrˆ = a˙dr, ωtˆθˆ = rωtˆrˆ, ωtˆφˆ = r sin θωtˆrˆ
ωtˆyˆ =
C
b
σ′e(C−B)σdt+ b˙e(B−C)σdy
ωrˆyˆ = C
a
b
e(C−B)σσ′dr, ωθˆyˆ = rωrˆyˆ, ωφˆyˆ = r sin θωrˆyˆ
ωθˆrˆ = dθ, ωφˆrˆ = sin θdφ, ωφˆθˆ = cos θdφ. (17)
IV The hyper-scalar fields in the bulk
We begin by considering equation (7). It can be integrated once to yield
e2σ
(
dϕ+
j
2
f
)
= ndh, (18)
where h (y) is a harmonic function; ∆h = d†dh = 0 and n ∈ R. Since we require that δξ = 0, then
one can write equations (10, 11) as follows

1
2
[
(∂yσ)− jeσ
(
∂yϕ+
j
2fy
)]
Γy j e
σ
2√
2
(∂yχ) Γ
y
−j e
σ
2√
2
(∂yχ¯) Γ
y 1
2
[
(∂yσ) + je
σ
(
∂yϕ− j2 f¯y
)]
Γy




ǫ1
ǫ2

 = 0, (19)
satisfied if the determinant of the given matrix vanishes:
dσ ∧ ⋆dσ − e2σ
(
dϕ+
j
2
f
)
∧ ⋆
(
dϕ− j
2
f¯
)
+ 2eσdχ ∧ ⋆dχ¯ = 0. (20)
Using (18) and (20) into the dilaton field equation (4) gives
(∆σ) ⋆ 1+
1
2
dσ ∧ ⋆dσ = 3
2
n2e−2σdh ∧ ⋆dh. (21)
The axion equations (5, 6) may also be integrated once to give
dχ+ njχe−σdh = 0
dχ¯− njχ¯e−σdh = 0, (22)
where without loss of generality, an arbitrary constant of integration has been set to zero. The
form of equation (21) implies a solution of the form
σ = m lnh, (23)
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where m ∈ R. Using this in equation (21) immediately gives m = n2 = 1. Integrating (22) leads
to:
χ = Ah−nj
χ¯ = A¯hnj , (24)
where A is a split-complex constant of integration having the property of being null, i.e. |A|2 =
AA¯ = 0, while A itself is non-vanishing. This makes χ null as well. This is a property unique
to the split-complex numbers and is obviously absent from the ordinary complex numbers. The
reason for it is that the magnitude of a split-complex number is given by the hyperbolic modulus
|χ|2 = Re2 (χ)− Im2 (χ). So χ becomes null simply if Re (χ) = ±Im (χ). Based on these results,
one finds that the quantity f defined in (3) vanishes since it is proportional to |A|2, and we are left
with an easily found form for the universal axion as follows:
ϕ = −n
h
+ constant. (25)
Finally, solving the harmonic condition on h leads to:
h (y) = (Qy + 1)
1
4C−B+1 . (26)
Clearly all solutions depend on the magnitude of the constant Q. We will see that a non-vanishing
Q is exactly what’s needed to reduce the expected value of the brane’s cosmological constant. Based
on these results, the independent components of the stress tensor (including both the brane and
bulk contributions) become
Ttt = − 1
2b2
e2(C−B)σσ′2 + ρe2Cσ
Trr =
1
2
(a
b
)2
e2(C−B)σσ′2 + Pa2e2Cσ
Tyy = −1
2
σ′2
Tyt = 0. (27)
The Einstein equation Gyt = Tyt immediately implies that either C or b˙ must vanish (or both).
As such there seem to be two possible solutions. In what follows, we will focus only on the b˙ = 0
scenario and defer study of the C = 0 case to future work.
As mentioned earlier, the fact that T3braneµν is put in the model “by hand”, rather than naturally
arising from the theory’s action, leads to the problem that the brane matter and radiation densities
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do not couple to the supersymmetry fermions. The hyperini variation equations feature the bulk
content as follows:
δyξ
1 =
1
2
(1− nj) (∂yσ) Γyǫ1 − n√
2
Ae(
1
2
−nj)σ (∂yσ) Γyǫ2
δyξ
2 =
1
2
(1 + nj) (∂yσ) Γ
yǫ2 − n√
2
A¯e(
1
2
+nj)σ (∂yσ) Γ
yǫ1. (28)
Requiring the vanishing of these leads to A = (1 + nj), ǫ1 = Aǫ2. On the other hand, the
gravitini variations:
δtψ
s = (∂tǫs) +
1
2
C
b
σ′e(C−B)σΓtˆyˆǫs, where s = 1, 2
δrψ
s = (∂rǫs) +
1
2
a˙Γtˆrˆǫs +
C
2
a
b
σ′e(C−B)σΓrˆyˆǫs
δθψ
s = (∂θǫs) +
1
2
ra˙Γ
tˆθˆ
ǫs − 1
2
Γ
rˆθˆ
ǫs +
C
2
a
b
rσ′e(C−B)σΓ
θˆyˆ
ǫs
δϕψ
s = (∂ϕǫs) +
1
2
r sin θa˙Γtˆϕˆǫs −
1
2
sin θΓrˆϕˆǫs − 1
2
cos θΓ
θˆϕˆ
ǫs +
C
2
a
b
r sin θσ′e(C−B)σΓϕˆyˆǫs
δyψ
s = (∂yǫs) +
1
2
b˙e(B−C)σΓtˆyˆǫs +
n
4
j (∂yσ) ǫs, (29)
are more problematic. Only the last one, the bulk equation, vanishes naturally if ǫs = e
± 1
4
jσ ǫˆs,
where ǫˆs is a constant spinor. The first four, the brane equations, only vanish if one simply assumes
zero spinor components on the brane. Fixing this problem requires the inclusion of the brane’s
matter content in the action of the theory and deriving a new set of variation equations with extra
terms. This is a major endeavor that deserves a separate study. For the purposes of this paper,
we consider the above results to be the first order approximation of a more exact supersymmetric
solution.
V The modified Friedmann equations and final remarks
Choosing the gauge b = 1 in the Einstein equations leads to the following results, where we have
defined the usual Hubble parameter H = (a˙/a):
3H2 = 3Ce2(C−B)σF (σ)− 1
2
e2(C−B)σσ′2 + (Λ + ρ) e2Cσ
2
(
a¨
a
)
+H2 = 3Ce2(C−B)σF (σ)− 1
2
e2(C−B)σσ′2 + (Λ− P ) e2Cσ
3
[(
a¨
a
)
+H2
]
=
(
6C2 +
1
2
)
e2(C−B)σσ′2 + Λ˜e2Bσ . (30)
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Since both sides of the three equations (30) are dependent on different parameters (t and y),
then they both must equal a constant. Requiring this, and using σ = lnh along with (26) gives
C = −1/3 but puts no constraints on the constant B. We also choose to define
Λ = Λ0e
−2Cσ
ρ = ρ0e
−2Cσ
P = P0e
−2Cσ
Λ˜ = Λ˜0e
−2Bσ . (31)
This last implies the following interpretation: What we are studying is a solution that admits
multiple branes located at various values of y = yI (I = 1, . . . , N ∈ Z), such that the harmonic
function (26) is modified Qy+1→
N∑
I=1
(QI |y − yI |+ 1), or Q
[
N∑
I=1
|y − yI |
]
+1. As such, the values
of Λ, ρ and P observed from within any of the branes (e.g. what we observe in our universe) are
dependent on e2Cσ evaluated at the specific coordinate of said brane. For simplicity we remove
the index 0 from the ‘bare’ values Λ0, ρ0, P0 and Λ˜0. Another way of interpreting this is that the
terms ρe2Cσ , Pe2Cσ , Λe2Cσ and Λ˜e2Bσ are evaluated at particular 3-brane slices y = yI , such that
ρe2Cσ(yI) → ρI , etc. Now defining
ΛUH =
3Q2
2 (1 + 3B)2
, (32)
we can write the three modified Friedmann equations (30) as follows
H2 =
1
3
(Λeff + ρ) (33)
a¨
a
=
1
3
Λeff − 1
6
(ρ+ 3P ) = H2 where Λeff = Λ− ΛUH (34)
Λ˜ = 2Λeff − 7ΛUH + 1
2
(ρ− 3P ) . (35)
We interpret Λ as the cosmological constant related to the value of the quantum mechanical
vacuum energy, while Λeff is the observed value of the dark energy density based on the brane-
universe’s rate of acceleration, where ΛUH acts to reduce one into the other, thereby effectively
explaining the ‘vacuum catastrophe’. We get the expected de-Sitter-like spacetime metric on the
3-brane with a (t) = eHt, as well as the associated equation of state P = −ρ. Finally, we note
that close inspection of equation (35) leads to the conclusion that the bulk cosmological constant
Λ˜ cannot be zero, but in fact must carry a large negative value, implying an anti de-Sitter like
behavior in the bulk, which should be accounted for in deeper studies of this result. Furthermore,
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although the value of the constant B is arbitrary, one can impose the requirement that it gives fields
(ϕ′ and χ′) that are well-behaved at bulk infinity y → ∞. This leads to the restriction B > 2/3.
The complete solution is then
ds25 = (Qy + 1)
2
1+3B
[−dt2 + e2Ht (dr2 + r2dΩ22)]+ (Qy + 1) −6B1+3B dy2 (36)
where dΩ22 = dθ
2 + sin2 θdφ2 and B > 2/3
σ (y) =
−3
1 + 3B
ln (Qy + 1) (37)
ϕ (y) = ± (Qy + 1) 31+3B ∓ 1 + ϕ0 (38)
χ (y) =
1
2
χ0 (1 + j) (Qy + 1)
3
1+3B
χ¯ (y) =
1
2
χ¯0 (1− j) (Qy + 1)
3
1+3B , (39)
along with the relationships in the previous set of equations. The constants χ0 and ϕ0 are the
y = 0 values of the fields. The simplest possible choice of B seems to be the one such that
σ (y) = −12 ln (Qy + 1). This is B = 5/3, leading to:
ds25 = (Qy + 1)
1
3
[−dt2 + e2Ht (dr2 + r2dΩ22)]+ (Qy + 1)− 53 dy2 (40)
σ (y) = −1
2
ln (Qy + 1) (41)
ϕ (y) = ±
√
Qy + 1∓ 1 + ϕ0 (42)
χ (y) =
1
2
χ0 (1 + j)
√
Qy + 1
χ¯ (y) =
1
2
χ¯0 (1− j)
√
Qy + 1. (43)
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VI Conclusion
In this work, we have posed a possible resolution to the cosmological constant problem by invoking
an extra spatial dimension. We found a solution representing an accelerating brane-universe where
the cosmological constant is reduced by the effects of the universal hypermultiplet in the bulk. Of
interest is the observation that the solution allows, in fact almost requires, the presence of other
parallel brane-universes, even an infinite number of them. The measured values of the cosmological
constant, matter density and radiation pressure in each brane are regulated by the dilaton field
in the fifth dimension. We also find that a negative cosmological constant is required in the bulk,
implying a possible anti de-Sitter like behavior that would be interesting to explore in the future.
As pointed out earlier in detail, the entire result is an approximate first order solution, at least
as far as supersymmetry is concerned. One possible scenario of future research is to explore the
possibilities of a more exact result, which would involve generalizing the action of the theory in
a non-trivial way, as well as exploring the time dependence of the universal hypermultiplet fields;
assumed static in this work. Another direction of possible future research is generalizing this model
to one with the full set of hypermultiplet fields. Based on previous experience, the presence of non-
trivial complex structure moduli of the underlying Calabi-Yau submanifold tends to change the
allowed metrics and properties of the solutions (for example, compare solutions found in [16] and
[22]). We also showed that a second solution is possible based on the choice of a dynamic bulk
(b˙ 6= 0). We plan to explore this possibility in a separate paper.
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